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We analyze emergent quantum multicriticality for strongly interacting, massless Dirac fermions in
two spatial dimensions (d = 2) within the framework of Gross-Neveu-Yukawa models, by considering
the competing order parameters that give rise to fully gapped (insulating or superconducting) ground
states. We focus only on those competing orders, which can be rotated into each other by generators
of an exact or emergent chiral symmetry of massless Dirac fermions, and break O(S1) and O(S2)
symmetries in the ordered phase. Performing a renormalization group analysis by using the  =
(3 − d) expansion scheme, we show that all the coupling constants in the critical hyperplane flow
toward a new attractive fixed point, supporting an enlarged O(S1+S2) chiral symmetry. Such a fixed
point acts as an exotic quantum multicritical point (MCP), governing the continuous semimetal-
insulator as well as insulator-insulator (for example, antiferromagnet to valence bond solid) quantum
phase transitions. In comparison with the lower symmetric semimetal-insulator quantum critical
points, possessing either O(S1) or O(S2) chiral symmetry, the MCP displays enhanced correlation
length exponents, and anomalous scaling dimensions for both fermionic and bosonic fields. We
discuss the scaling properties of the ratio of bosonic and fermionic masses, and the increased dc
resistivity at the MCP. By computing the scaling dimensions of different local fermion bilinears
in the particle-hole channel, we establish that most of the four fermion operators or generalized
density-density correlation functions display faster power-law decays at the MCP compared to the
free fermion and lower symmetric itinerant quantum critical points. Possible generalization of this
scenario to higher-dimensional Dirac fermions is also outlined.
I. INTRODUCTION
Generally a global symmetry (present at the micro-
scopic level) broken inside an ordered state gets restored
at the critical point separating the ordered and the dis-
ordered phases. Such a critical point supports fluctua-
tions of the order parameter at all length scales, giving
rise to fascinating scaling properties for various physical
quantities. More intriguingly, a class of critical points
can also possess different emergent symmetries, which are
otherwise absent at the microscopic level. For example,
consider the coupling between massless Dirac fermions
and gapless, relativistic bosons with different velocities
at the microscopic level or high-energy scales, where the
bosonic field can describe either a fluctuating order pa-
rameter or a U(1) gauge field. At the renormalization-
group (RG) fixed point for such a theory, the velocities
for both fermionic and bosonic degrees of freedom be-
come equal, and the difference between two velocities can
act as an irrelevant perturbation, leading to the notion
of an emergent Lorentz invariance in the system [1–8].
However, the notion of emergent symmetry for RG
fixed points is not limited to the Lorentz invariance.
A fascinating yet simple example arises in the context
of topological quantum phase transitions for noninter-
acting fermions or Hartree-Fock quasiparticles of an or-
dered state. For a large number of symmetry classes, the
quantum phase transition between topological and triv-
ial insulating or superconducting phases occurs through
the closing of a spectral gap, and the quantum critical
properties are described by massless Dirac fermion fixed
points at different spatial dimensions. At the micro-
scopic level, when the spectral gap is closed, the under-
lying Dirac fermion still possesses a momentum depen-
dent Wilson mass (quadratic or higher order in momen-
tum), carrying the information regarding the underlying
symmetry class. But, at the RG fixed point governing
the low energy properties, such momentum dependent
mass becomes an irrelevant perturbation in comparison
to the k-linear dispersion (characteristic feature of Dirac
fermions). These massless Dirac fermion fixed points ex-
hibit at least an emergent U(1) chiral symmetry, which is
absent in the microscopic theory of symmetry classes [9–
12]. Intriguingly, such a massless Dirac fixed point in
one dimension also controls the critical properties of a
transverse field Ising chain [13–15].
More exotic examples of emergent chiral symmetry
arise for the gapless phase and critical points for spin-
1/2 chains in one dimension [15, 16]. For an one dimen-
sional spin-1/2 chain, the components of O(3) antiferro-
magnetic order parameter and the Z2 valence bond solid
order parameter can be rotated into each other by a chiral
transformation. In the SU(2) symmetric algebraic spin
liquid phase of isotropic, nearest neighbor antiferromag-
netic Heisenberg model for the spin-1/2 chain, none of
these order parameters can condense, and an emergent
O(4) chiral symmetry for massless Dirac spinons is re-
alized [17]. However, for suitable anisotropic exchange
couplings in a J1-J2 model, one can find a line of un-
conventional quantum critical points, which separates an
Ising antiferromagnet from a valence bond solid state,
which break distinct symmetries [18]. At the level of
effective field theory, the quantum phase transition be-
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2FIG. 1: A schematic renormalization group flow diagram of
Gross-Neveu-Yukawa (GNY) model. All coupling constants
(g2 and λ) are measured in units of , the deviation from the
upper-critical three spatial dimensions with  = 3 − d. No-
tice that in the critical m2 = 0 plane, the Gaussian (G) fixed
point (shown in dark cyan) is fully unstable, and the Wilson-
Fisher (WF) fixed point (shown in blue), controlling a con-
tinuous quantum phase transition in a pure bosonic system
also becomes unstable due to boson-fermion (Yukawa) cou-
pling (g2). The bi-critical (B) fixed point (shown in magenta)
lies in the unphysical regime (λ < 0). A new quantum crit-
ical point (QCP), “GNY QCP” (shown in red) now controls
the continuous quantum phase transition from a disordered
or semimetallic to an ordered phase. The bosonic mass pa-
rameter m2 plays the role of a tuning parameter at T = 0,
and respectively for m2 > 0 and m2 < 0 system flows toward
disordered or semimetallic (black circle) and strongly coupled
ordered (dark magenta circle) phases.
tween these states is accessed by tuning the sign of suf-
ficiently strong umklapp coupling for linearly dispersing
spinon excitations. When the umklapp coupling vanishes
at the line of critical points, one finds an enhancement
of chiral symmetry from Z2 to U(1) [15, 16, 18]. We
also note that in the phase diagram of antiferromagnetic
J1-J2 model of spin 1/2 chain with XXZ anisotropy, the
gapless spin liquid, the Ising antiferromagnet, and the
valence bond solid phases meet at a multicritical point
(MCP), possessing both emergent Lorentz invariance and
O(4) chiral symmetry.
An interesting question is whether such enlargement
of chiral symmetry can also occur for strongly interact-
ing systems in higher spatial dimensions. It has been
argued that a similar enlargement of symmetry is re-
sponsible for the continuous quantum phase transition
between the valence bond solid and the antiferromag-
netic phases of two dimensional, frustrated spin mod-
els in insulating systems [15, 19–24]. These arguments
have been strengthened by considering the ordered, in-
sulating states described in terms of two dimensional,
eight component, massive Dirac fermions. Within this
approach, one couples the Dirac fermions with the three
components of an O(3) nonlinear sigma model field (for
antiferromagnetic order parameter) and the two compo-
nents of Z3 (on a honeycomb lattice) (or Z4 on a square
lattice) valence bond solid order parameter field, and
the corresponding five fermion bilinears or mass terms
mutually anticommute. Therefore, two physically dis-
tinct order parameters can be rotated into each other
by using a general chiral transformation as in one di-
mension. At the transition between two ordered states,
the O(5) chiral symmetry is realized, and the low en-
ergy theory is described by an O(5) nonlinear sigma
model [26, 27]. After integrating out the massive, Dirac
fermions, one also obtains a Berry phase for the O(5)
nonlinear sigma model, captured by the level k topologi-
cal Wess-Zumino-Witten term [25–28], which is believed
to cause deconfined quantum criticality, supporting frac-
tionalized excitations. The notion of chiral rotation has
also been applied to Kondo-Heisenberg models for de-
scribing the competition among antiferromagnetism, va-
lence bond solid and Kondo singlet formation [29–32].
However, any direct field theoretic calculation of critical
properties for these unconventional quantum phase tran-
sitions is prohibitively difficult. In addition, if we begin
with an interacting model of massless Dirac fermions, the
relationship between the itinerant antiferromagnetic and
valence bond solid quantum critical points and the possi-
ble direct transition between the two ordered insulating
states is still unknown.
Motivated by this issue, we investigate a more general
question for strongly interacting itinerant fermions. Can
there be an interacting quantum MCP where the disor-
dered, parent metallic phase and different ordered states
meet (i.e., the metallic state has comparable propensities
toward the formation of multiple ordered phases)? Such a
multi-critical point would control the transition between
two ordered states, as well as the transition from a dis-
ordered metal to the ordered phases. We here address
this question by focusing on various competing orders,
which generate mass gap for Dirac fermions in two spa-
tial dimensions. Single-layer graphene stands as a proto-
typical system for studying such phenomena using both
field theoretic methods and quantum Monte Carlo sim-
ulations [33–42]. It is important to stress that mass-
less Dirac fermions in a two-dimensional half-filled hon-
eycomb lattice can be unstable toward multiple broken
symmetry phases (depending on the relative strength of
various finite-range components of the Coulomb interac-
tion) via continuous quantum phase transitions [43–51].
In addition, often the order-parameters describing dis-
tinct broken symmetry phases can be rotated (by gener-
ators of emergent or exact chrial symmetry of massless
Dirac fermions) into each other [52–54]. These two fea-
tures turn this system into a fertile ground for investigat-
ing (using both field theoretic and numerical techniques)
the intriguing confluence of several competing orders and
emergent quantum multi-critical phenomena of itiner-
3ant fermions. We therefore focus on the setup provided
by this system. Our analysis can also be generalized
to investigate similar question for other two-dimensional
Dirac system, such as pi-flux square lattice [55].
We here address the question of possible emergent
quantum MCPs for interacting Dirac fermions within
the framework of the appropriate Gross-Neveu-Yukawa
model, which is believed to capture the critical properties
of the quantum phase transition from a Dirac semimetal
to a broken symmetry phase (insulators or superconduc-
tors) [56–69]. This theory treats both order parameter
fluctuations (captured by appropriate relativistic bosonic
Φ4 theory) and the Yukawa coupling between gapless
fermions and bosons on an equal footing. The critical
properties of an interacting, itinerant fixed point in d = 2
can then be accessed via a controlled -expansion about
d = 3 with  = 3 − d. At the itinerant quantum criti-
cal point, the bosonic and fermionic degrees of freedom
remain strongly coupled and the universality class of the
Dirac semimetal-ordered phase transition becomes dis-
tinct from the well studied Wilson-Fisher fixed point of
purely bosonic theory. A schematic RG flow diagram of
the GNY field theory is displayed in Fig. 1. Within this
framework a potential emergent quantum multi-critical
behavior can also be addressed by coupling two com-
peting order-parameters (that can be rotated into each
other by the chiral transformation) with gapless Dirac
fermions, besides their mutual coupling at the quartic
order.
Let us first provide a brief summary of our current
understanding of this issue. In the past [66], it has
been shown if the electronic interaction among massless
Dirac fermions is conducive toward forming two compet-
ing ordered phases, breaking discrete Z2 and continuous
O(2) chiral symmetries, then in the critical hyperplane
(realized by setting all bosonic masses to zero) there
exists a quantum MCP possessing an enlarged emer-
gent O(3) chiral symmetry that controls the transition
into either of these two phases, as well as the one that
spontaneously breaks an O(3) symmetry. Even though
such an O(3) symmetric MCP can be found even in the
absence of gapless fermions (at least from leading or-
der -expansion), they substantially improve its stabil-
ity in a multi-dimensional coupling constant space. In
other words, two simple (and decoupled) quantum criti-
cal points (QCPs) describing quantum phase transitions
from a Dirac semimetal to an ordered phase that spon-
taneously breaks either Z2 or O(2) symmetry are gener-
ically unstable in the direction of a new fixed point with
enlarged chiral symmetry. A Z2 ⊗O(3) symmetric GNY
theory has been analyzed in Ref. [67], with the expo-
nents (specifically the bosonic and fermionic anomalous
dimensions) being identical to the ones found at an O(4)
symmetric MCP. However, a comprehensive understand-
ing of emergent symmetry among competing orders in an
interacting quasi-relativistic system is still lacking, which
motivates our current investigation.
We now offer a brief synopsis of our main findings. In
the present work, we make an attempt to unify the notion
of emergent symmetry among various competing orders
and show that for comparable propensities toward the
nucleation of O(S1) and O(S2) symmetry breaking order-
ings, there always exists a quantum MCP possessing an
enlarged O(S1 + S2) symmetry.
1 Irrespective of specific
values of S1 and S2, we show that the O(S1+S2) symmet-
ric quantum MCP governs the following continuous quan-
tum phase transitions: (1) Dirac semimetal to an O(S1)
symmetry breaking ordered phase, (2) Dirac semimetal
to an O(S2) symmetry breaking ordered phase, (3) Dirac
semimetal to an O(S1 + S2) symmetry breaking or-
dered phase, and most strikingly (4) the direct transi-
tion between O(S1) and O(S2) symmetry breaking or-
dered phases. All these transitions are characterized by
same correlation length exponent [see ν(S) in Eq. (10)],
manifesting emergent O(S1 +S2) symmetry, and the dy-
namic scaling exponent z = 1 (reflecting the restoration
of Lorentz symmetry).
Since we restrict our analysis to graphene-like systems,
in which low-energy fermionic qusiparticles are described
by an eight-component massless Dirac fermion (due to
two sublattices, two valleys and two projections of spin)
the physically relevant cases are the following:
1. A Z2 ⊗ Z2 symmetric GNY theory can be relevant
to address the competition between two components of
Kekule valence bond solid (KVBS) (assuming the sym-
metry between them is explicitly broken at the micro-
scopic level). We show that close to a quantum MCP
symmetry gets enlarged to O(2) that can describe tran-
sition to either one of these components that breaks the
discrete Z2 symmetry in the ordered phase, as well as to
an O(2) symmetry-breaking valence bond insulators.
2. When two order-parameters, possessing Z2 and
O(2) symmetries, are strongly coupled, the effective field
theory can be germane to describe the ultimate critical
behavior of (a) an easy-plane anisotropic antiferromagnet
(AF) or quantum spin-Hall insulator (QSHI), (b) com-
peting (intra unit-cell) charge-density-wave (CDW) and
complex (two-component) KVBS order or (c) competing
singlet s-wave pairing (two component) and CDW. We
demonstrate that the ultimate quantum critical behavior
of such coupled order-parameter field theory is described
by an O(3) symmetric MCP. 2
1 In this notation Z2 symmetry is denoted by O(1).
2 In particular the last scenario can in principle be accessed from
a microscopic attractive Hubbard-U model, which due to the un-
derlying pseudo-spin SU(2) symmetry will allow us to directly
access an O(3) symmetric fixed point (by causing simultaneous
nucleation of CDW and s-wave pairing which for any strength of
pure Hubbard interaction transform as an O(3) vector). How-
ever, the true multi-critical nature of such fixed point can only
be revealed by introducing nearest-neighbor interaction (V1) in
the theory, for example. Specifically, for repulsive and attrac-
tive nearest-neighbor interaction, system respectively enters into
a CDW and s-wave paired state, while the quantum phase tran-
sition to either of these two phases (at least for |V1|  |U |) is
43. A Z2⊗O(3) symmetric GNY theory can be relevant
to address the competition between an AF and a single
component of KVBS, for example. From the leading or-
der -expansion we find that the fully stable fixed point
in the critical plane possesses an O(4) symmetry. In a re-
cent numerical work such competition has been addressed
using quantum Monte Carlo simulation, and findings are
suggestive of an emergent O(4) symmetry [42], however,
slightly away from the O(4) symmetric itinerant MCP.
Therefore, it remains an interesting future work to nu-
merically investigate the restoration of anO(4) symmetry
close to this itinerant MCP, we address here. The transi-
tion between these two distinct broken symmetry phases
in close proximity to the MCP is expected to be governed
by the O(4) symmetric MCP (see Sec. III), and the crit-
ical exponents determining the universality class of this
transition between two ordered phases can be extracted
by setting S1 = 1 and S2 = 3 (see Sec. II).
4. An O(4) symmetric MCP can also result from two
competing orders that break O(2) symmetry in the or-
dered phase. Such field theoretic description is relevant
to capture the competition between (a) an easy-plane
AF and complex KVBS (both of them are described by
two component order parameter), (b) competition be-
tween easy-plane QSHI and s-wave pairing, as well as
(c) singlet complex (two-component) s-wave pairing and
complex (two-component) KVBS. However, the critical
properties at O(4) symmetric MCP is same as the one
we find from a coupled Z2 ⊗O(3) GNY model.
5. Finally, the competition between AFM and KVBS
in a Dirac system is captured by an O(2) ⊗ O(3) sym-
metric GNY theory. From the leading order -expansion,
we demonstrate that the ultimate critical behavior is
described by an O(5) symmetric MCP where three-
component AFM and two-component KBVS order pa-
rameters can be rotated into each other by the generators
of chiral symmetry of massless Dirac fermions. The same
field theory (with appropriate redefinition of spinor basis)
also indicates the existence of an O(5) symmetric MCP
when propensity toward nucleation of QSHI (a three-
component vector) and s-wave pairing (two-component
vector) are comparable.
A comment on the connection between the largest
possible symmetry restoration at an interacting MCP
and the number of components of Dirac fermion is
due at this stage. In graphene-like systems, where
the effective low-energy theory is described in terms
of an eight-component, two dimensional Dirac fermions
max. (S1 + S2) = 5, the maximal number of mutually
anti-commuting mass matrices that also anti-commute
with the Dirac Hamiltonian [70]. Otherwise, the possi-
bility of emergent symmetry rests on a very simple prin-
ciple: The Hermitian matrices describing two competing
gapped order parameters mutually anti-commute. Under
governed by the O(3) symmetric MCP [71].
that circumstance a composite super-vector mass can be
constructed from constituting two mass parameters and
all components of composite super-vector mass can be ro-
tated into each other via the generators of continuous chi-
ral symmetry of non-interacting massless Dirac fermions.
Thus, ultimate quantum critical behavior is controlled by
a fixed point with a maximal symmetry.
Rest of the paper is organized as follows. In the next
section (Sec. II), we introduce an O(S1) ⊗ O(S2) sym-
metric GNY model and study its emergent quantum
multi-critical behavior. The Sec. III is devoted to ad-
dressing the direct continuous quantum phase transition
between O(S1) and O(S2) symmetry breaking ordered
phases through the O(S1+S2) symmetric itinerant quan-
tum MCP. In Sec. IV, we discuss the anomalous scaling
dimensions for local fermion bilinears at the O(5) sym-
metric MCP within the large N framework. The sum-
mary of our central results and ramifications of emergent
multi-criticality is presented in Sec. V. Additional tech-
nical details are relegated to Appendices.
II. COUPLED GROSS-NEVEU-YUKAWA
THEORY: EMERGENT MULTICRITICALITY
We first introduce a master GNY model that will allow
us to establish the emergence/restoration of high symme-
try near relativistic quantum MCP. Formally the effective
action in D = (d+ 1) Euclidean space-time comprised of
d dimensional spatial coordinates r = (x1, .., xd) and the
imaginary time τ = x0, S =
∫
dDxL has three compo-
nents, with L = Lf + LY + Lb, and d
Dx = ddrdx0. A
large variety of two dimensional Dirac systems including
graphene, d-wave superconductor and d-density wave can
be described in terms of eight component Dirac fermions.
Motivated by this we write the fermion fields as eight
component Grassmann spinor Ψ(x) and the conjugate
spinor Ψ†(x). The dynamics of massless Dirac fermions
is then captured by
Lf = Ψ
†(x)[∂0 − i
d∑
j=1
Γj∂j ]Ψ(x). (1)
Here Γjs, with j = 1, · · · , d are 8 × 8 mutually anti-
commuting, Hermitian matrices, and d ≤ 7 as there are
only seven mutually anticommuting 8× 8 matrices. The
Yukawa coupling between massless Dirac fermions and
the order-parameter fields are given by
LY = g1
S1∑
j=1
Φj(x)Ψ
†(x)MjΨ(x)
+ g2
S∑
j=S1+1
Φj(x)Ψ
†(x)MjΨ(x), (2)
where Mjs are also 8× 8 mutually anticommuting, Her-
mitian matrices with S = S1 + S2 ≤ (7 − d). There-
fore, for two dimensional systems of eight component
5Dirac fermions, we can consider the maximal chiral sym-
metry group to be O(5). With the same notation for
three dimensional systems, we can describe O(4) as the
largest chiral symmetry. The generator of (exact or
emergent) chiral rotation between two mutually anti-
commuting Hermitian mass matrices, namely Mj and
Mk is Mjk = −i[Mj ,Mk]/2, which commutes with the
Dirac Hamiltonian HˆD = −iΓj∂j . Therefore, Mjk’s are
generators of continuous chiral symmetry for massless
Dirac fermions. For the sake of brevity we now drop the
explicit dependence of bosonic and fermionic fields on x.
Finally, the dynamics of bosonic (order-parameter)
fields is captured by Lb = L
1
b + L
2
b + L
12
b with
L1b =
S1∑
j=1
[
1
2
(∂µΦj)
2
+m21Φ
2
j +
λ1
4!
(
Φ2j
)2]
,
L2b =
S∑
j=S1+1
[
1
2
(∂µΦj)
2
+m22Φ
2
j +
λ2
4!
(
Φ2j
)2]
,
L12b =
λ12
12
S1∑
j=1
S∑
k=S1+1
Φ2j Φ
2
k. (3)
We note that even if we set λ12 = 0 at the bare level, it
gets generated due to two Yukawa interactions and two
competing order parameter fields are coupled. Thus, we
incorporate λ12 in the bare action.
The form of the free fermion action implies that the
engineering scaling dimension of the fermion field is
D[Ψ] = d/2, where the scaling dimension of momentum
is D[k] = 1 and D[τ ] = −1. Analogously, from the free
action for bosonic fields, we find that their engineering
scaling dimension is D[Φj ] = (d − 1)/2. This implies
that scaling dimensions for the Yukawa and the four-
boson couplings are respectively D[g2j ] = D[λj ] = 3 − d,
while that for the mass operators D[m2j ] = 2. Therefore,
d = 3 is the upper critical (spatial) dimension of the the-
ory, and in the following we will use the deviation from
the upper critical dimension, namely  = 3 − d as the
expansion parameter in the renormalization group (RG)
calculations. All momentum integrals are performed in
d = 3 −  dimensions, while the fermions live in two
spatial dimensions, since Ψ†iΓ1Γ2Ψ represents a fermion
mass term in two, but not in three spatial dimensions.
In d = 3 the matrix Γ3 = iΓ1Γ2 is a part of the Dirac
operator and neither commutes nor anticommutes with
it.
The RG flow equations for the above five coupling con-
stants appearing in the imaginary time action S read as
βg21 = g
2
1 − (2N + 4− S1)g41 + S2g21g22 ,
βg21 = g
2
2 − (2N + 4− S2)g42 + S1g21g22 ,
βλ1 = λ1 − 4Ng21
(
λ1 − 6g21
)− 1
6
[
λ21(8 + S1) + S2λ
2
12
]
,
βλ2 = λ2 − 4Ng22
(
λ2 − 6g22
)− 1
6
[
λ22(8 + S2) + S1λ
2
12
]
,
βλ12 = λ12 − 2N
(
g21 + g
2
2
)
λ12 + 24Ng
2
1g
2
2
0
0
g1
2
g2
2
(a)
0
0
m1
2
m
22
massless
Dirac fermionsO (S1)SBO
O (S2)SBO
O (S)SBO ν2
ν1
ν+
ν-
ν-
(b)
FIG. 2: (a) A schematic renormalization group flow diagram
in the plane of two competing Yukawa couplings, g21 and g
2
2 .
All axes are measured in units of , which is the deviation
from the upper critical three spatial dimensions. The fixed
point at g21 = 0 = g
2
2 (shown in dark cyan) is fully unstable.
Also notice that two quantum critical points of decoupled
GNY field theory located at (a) g21 ∼ , g22 = 0 (shown in
magenta) and (b) g22 ∼ , g21 = 0 (shown in blue) become
unstable when two fields are coupled with each other. A new
quantum MCP emerges at g21 = g
2
2 ≡ g2∗ ∼ , shown in red.
(b) A schematic phase diagram of interacting Dirac fermions
residing close to O(S1) and O(S2) symmetry breaking orders
(SBOs). The red dot represents the quantum MCP possess-
ing O(S) symmetry, with S = S1 + S2. Note that O(S) SBO
can only be found for m21 = m
2
2 (along brown dashed line).
Such MCP can be accessed following different routes [shown
by different arrows] in the
(
m21,m
2
2
)
plane. Continuous tran-
sition from Dirac semimetal to (1) O(S1) SBO [green arrow],
(2) O(S2) SBO [blue arrow] as well as (3) O(S) SBO [brown
arrow] are characterized by correlation length exponent ν1,
ν2 and ν+, respectively, while that for the direct transition
between O(S1) and O(S2) SBOs [red arrow] is ν−. Due to
the emergent O(S) symmetry at the quantum MCP [red dot],
ν1 = ν2 = ν+ = ν− (see Sec. III). The dynamic scaling ex-
ponent is locked to z = 1 across all transitions, manifesting
emergent Lorentz symmetry at the quantum MCP.
− λ12
6
[(2 + S1)λ1 + (2 + S2)λ2 + 4λ12] , (4)
to the leading order in -expansion, in terms of dimen-
sionless coupling constants Xq−/(8pi2) → X, where
X = g21 , g
2
2 , λ1, λ2, λ12, and q is the momentum scale
defining infrared RG flow equation for a coupling X, with
βX = −dX/d ln q. In the above flow equation N counts
the number of 4-component Dirac fermions, and thus for
a graphene-like system N = 2. Note the flow equations
for Yukawa couplings g21 and g
2
2 are decoupled from the
flow equations of four-boson couplings (λ1, λ2 and λ12),
so we first analyze βg21 and βg22 . These two coupled flow
equations supports only one stable fixed point located at
g21 = g
2
2 =

2N + 4− S = g
2
∗ (say). (5)
This scenario is schematically depicted in Fig. 2(a). Two
6stable decoupled fixed points located at(
g21 , g
2
2
)
=
(

2N + 4− S1 , 0
)
and
(
0,

2N + 4− S2
)
(6)
in a pure O(S1) and O(S2) symmetric GNY theory be-
comes unstable toward a new attractive fixed point due
to the coupling between these two sectors.
Upon substituting the fixed point values of two Yukawa
couplings in the flow equations for λ1, λ2 and λ12, we find
that three coupled flow equations support only two fixed
points at λ1 = λ2 = λ12 = λ
±
∗ , where
λ±∗ =
3
(8 + S)(2N + 4− S)
[
(4− 2N − S)
±
√
4N2 + (S − 4)2 + 4N(28 + 5S)
]
. (7)
Only λ+∗ > 0 and therefore lies in the physical coupling
regime. Upon setting g21 = g
2
2 = g
2
∗ and λ1 = λ2 =
λ12 = λ
+
∗ the imaginary time action S assumes an O(S)
symmetric form in the critical plane m21 = m
2
2 = 0.
Before further exploring the quantum multi-critical be-
havior, it is worth pausing to discuss the topology of
the RG flow in an O(S) symmetric critical plane
(
g2, λ
)
(with m21 = m
2
2 = m
2 = 0), where g2 = g21 = g
2
2 and
λ = λ1 = λ2 = λ12, shown in Fig. 1.
Coupled flow equation of g2 and λ altogether support
four fixed points in the m2 = 0 plane. The one at(
g2, λ
)
= (0, 0) is fully unstable (dark cyan circle). The
Wilson-Fished (WF) fixed point (shown in blue) located
at
(
g2, λ
)
= (0, 68+S ) becomes unstable due to boson-
fermion Yukawa coupling. The bi-critical point (magenta
circle), located at
(
g2, λ
)
= (g2∗, λ
−
∗ ) lies in the unphysi-
cal regime since λ−∗ < 0. The fully stable fixed point (red
circle) is located at
(
g2, λ
)
= (g2∗, λ
+
∗ ) and possesses only
one unstable direction along m2 (bosonic mass). Note
that the bosonic mass plays the role of a tuning parame-
ter for the quantum phase transition between disordered
(semimetallic) and ordered phases, respectively realized
for m2 > 0 and m2 < 0. Now we return to the discussion
on multi-critical behavior of O(S1)⊗O(S2) theory.
The flow equations of two mass parameters read as
βm21 = m
2
1
(
2− 2Ng21 −
1
6
[(2 + S1)λ1 + S2λ12]
)
,
βm22 = m
2
2
(
2− 2Ng22 −
1
6
[(2 + S2)λ2 + S1λ12]
)
.(8)
Since each mass parameter tunes the quantum phase
transition of massless Dirac fermions into an ordered
phase, we are dealing with a MCP, see Fig. 2(b). The
correlation length exponents associated with the quan-
tum phase transitions into the ordered phase breaking
O(S1) symmetry (with 〈Φj〉 6= 0 for j = 1, · · · , S1) and
O(S2) symmetry (with 〈Φj〉 6= 0 for j = S1 + 1, · · · , S)
are respectively given by
ν1 =
1
2
+
N
2
g21 +
1
24
[(2 + S1)λ1 + S2λ12] ,
ν2 =
1
2
+
N
2
g22 +
1
24
[(2 + S2)λ2 + S1λ12] , (9)
since βm21 = m
2
1ν
−1
1 and βm22 = m
2
2ν
−1
2 . Notice that at
O(S) symmetric MCP ν1 = ν2 = ν
(S) (say), with
ν(S) =
1
2
+
N
2
g2∗ +
2 + S
24
λ+∗ , (10)
with g2∗ and λ
+
∗ are resectively given in Eq. (5) and
Eq. (7). Therefore, correlation length exponents asso-
ciated with the quantum phase transition from a Dirac
semimetal to an ordered phase that spontaneously breaks
either O(S1) or O(S2) symmetry (respectively given by ν1
and ν2), as well as O(S1 +S2) symmetry (given by ν
(S)),
through the quantum MCP are equal and given by ν(S),
quoted in Eq. (10). With increasing chiral symmetry at
the GNY MCP ν(S) increases monotonically.
To the leading order in -expansion the bosonic anoma-
lous dimension at a O(S) symmetric MCP is given by
η
(S)
b = 2Ng
2
∗ =
2N
2N + 4− S . (11)
Therefore, with increasing number of the order-
parameter components S, the bosonic anomalous dimen-
sion increases monotonically and acquires largest value
at the O(5) symmetric MCP for N = 2. We also note
that the fermionic anomalous dimension
η
(S)
Ψ =
S
2
g2∗ =
S
2 (2N + 4− S) , (12)
increases monotonically as the symmetry enlarges at the
quantum MCP.
These exponents determine scaling of various physical
observables. For example, fermionic Greens function in
the close proximity to an O(S) symmetric MCP scales as
G−1f ∼
(
ω2 + k2
)(1−ηΨ)/2
. (13)
Hence, the residue of fermionic quasiparticle pole van-
ishes as
ZΨ ∼ (m)
S
4(2N+4−S)  (14)
Therefore, with increasing symmetry gapless fermionic
excitations lose their sharpness more rapidly as the MCP
is approached from the semimetallic side of the transi-
tion, and at the MCP the notion of sharp quasiparti-
cles becomes moot. As the MCP is approached from
the ordered side the fermionic and bosonic masses vanish
smoothly, however, with the following universal ratio(
mb
mf
)2
=
λ+∗
3g2∗
. (15)
To the extreme close proximity of the GNY MCP the
ratio of specific heat in the disordered (Dirac semimetal)
7and ordered side is also a universal quantity, and as T →
0 it is given by
lim
T→0
Cdis
Corder
=
4N
NG
(
1− 2−d) = 4N
S − 1
(
1− 2−d) , (16)
for S > 1, where NG = S− 1 is the number of Goldstone
modes in the ordered phase. We here tacitly assumed
that fermionic and bosonic excitations are characterized
by same velocity, which is a direct manifestation of emer-
gent Lorentz symmetry at the GNY critical point.
We can also estimate the dc conductivity due to in-
elastic scattering at the O(S1 +S2) symmetric MCP. The
dc conductivity would follow the form of Drude formula
σ ∼ ne2τ/m with m = kBT/v2 as the effective mass,
and n ∼ N (kBT )2/(~v)2 being the density of thermally
excited carriers (equal number of particles and holes).
As long as T/T0  δ1/ where δ = |g2 − g2∗| measures
the deviation of the Yukawa coupling from its fixed point
value, the inelastic scattering rate is approximately given
by ~/τ ∼ (S1 + S2) g4∗ (kBT ). Therefore, the dc conduc-
tivity at (or in the vicinity of) the MCP is estimated to
be
σ ∼ e
2
~
N
S1 + S2
1
g4∗
(
kBT
~v
)(d−2)
. (17)
Since g2∗ ∼ (3− d)/N , the MCP at d=2 has a dc conduc-
tivity σ ∼ e2N3~(S1+S2) . By contrast the conductivity at the
lower symmetric O(S1) fixed point would be σ ∼ e2N3~(S1) .
Therefore, the dc resistivity is enhanced at the quan-
tum MCP in comparison to the lower symmetric critical
points, which is in agreement with the stronger non-Fermi
liquid properties at the MCP. A direct computation of
dc conductivity at the quantum MCP is left for a fu-
ture investigation (see however Ref. [72]). In comparison
to Ref. [72], reporting σ ∼ N2, we find σ ∼ N3. The
additional factor of N in the expression of the dc con-
ductivity in our analysis arises from the dependence of
the carrier density n ∼ N on the fermion flavor number.
We also note that the optical conductivity (in the col-
lisionless regime) gets reduced at the interacting MCP,
in comparison to its counterpart in noninteracting Dirac
liquid [73]
III. DIRECT TRANSITION BETWEEN TWO
ORDERED PHASES
Previously we have shown that quantum phase transi-
tion of massless Dirac fermions into an O(S1), O(S2),
O(S) symmetry breaking phases share the same uni-
versality class when all of them are controlled by an
O(S) symmetric MCP. Namely, the bosonic (η
(S)
b ) and
fermionic (η
(S)
Ψ ) anomalous dimensions, and the correla-
tion length exponent (ν(S)) across all three transitions
are the same. Furthermore, the O(S) symmetric quan-
tum MCP also controls the direct quantum phase transi-
tion between O(S1) and O(S2) symmetry breaking ordered
phases, see Fig. 2(b). In this section we address the crit-
ical properties of such a direct transition between two
competing ordered phases.
We now introduce a new set of variables
g2± =
g21 ± g22
2
, λ± =
λ1 ± λ2
2
, m2± =
m21 ±m22
2
. (18)
In this notation m2+ controls the continuous transition
from Dirac semimetal to an O(S) symmetry breaking or-
dered phase. On the other hand, m2− controls the transi-
tion between an O(S1) symmetry breaking ordered phase
(for m2+ < 0 and m
2
− < 0) to an O(S2) symmetry break-
ing ordered phase (for m2+ < 0 and m
2
− > 0). The RG
flow equation of m2− can then be obtained from Eq. (8),
yielding
βm2− = 2
[
m2− −N
(
g2+m
2
− + g
2
−m
2
+
)]− 1
12
[
(S + 4)
{
m2− (λ+ + λ12) +m
2
+λ−
}
− 4m2−λ12
+ (S1 − S2)
{
m2−λ− +m
2
+ (λ+ − λ12)
}]
. (19)
In the extreme close proximity to the O(S) symmetric
quantum MCP we set set g2− = 0, λ− = 0 and λ12 = λ+.
For the continuous phase transition between two ordered
phases we follow the trajectory m2+ = 0 and set m
2
+ = 0.
The above flow equation then simplifies to
βm2− = m
2
−
[
2− 2Ng2+ −
S + 2
6
λ+
]
. (20)
Therefore, the correlation length exponent associated
with the direct continuous transition between O(S1) and
O(S2) symmetry breaking ordered phases, given by ν−
and defined as βm2− = m
2
−ν
−1
− , through the O(S) sym-
metric itinerant quantum MCP is given by
ν− = ν(S), (21)
which is same as the ones for the continuous quantum
8phase transition from a Dirac semimetal to O(S1) or
O(S2) or O(S) symmetry breaking ordered phase. This
situation is qualitatively displayed in Fig. 2(b).
Irrelevance of g2− and λ− in the flow equation of m
2
−
can be demonstrated in the following way. The leading
order correction to g2− is given by
βg2− = g
2
−
[
− (4N + 8− S)g2+
]
+O(g4−)
= −g2−
[
2N + 4
2N + 4− S
]
+O(g4−), (22)
confirming that g2− is an irrelevant perturbation close the
O(S) symmetric MCP. On the other hand, irrelevance
of O(S) symmetry breaking four-boson interaction can
be demonstrated by rewriting the interacting part of the
bosonic action as
Lb =
λ
4!
S∑
j=1
(
Φ2j
)2
+
δλ12
12
S1∑
j=1
S1+S2∑
k=S1+1
Φ2jΦ
2
k. (23)
with λ = λ1 = λ2 = λ12. The coupling constant δλ12 can
be considered as an O(S) symmetry breaking term. The
leading order correction to δλ12 is given by
βδλ12 = δλ12
[
− 4Ng2+ −
S + 4
6
λ
]
+O(g4+, g4−, δλ212),
(24)
Substituting g2+ = g
2
∗ and λ = λ
+
∗ , readers can immedi-
ately confirm that δλ12 is also an irrelevant parameter
close to the O(S) symmetric quantum MCP. Irrelevance
of two O(S) symmetry-breaking perturbations (namely
g− and δλ12) suggests that the O(S) symmetric MCP
is accompanied by a finite domain of attraction. Con-
sequently, as long as the transition between two distinct
ordered phases, breaking O(S1) and O(S2) symmetries
such that S = S1 + S2, takes place sufficiently close to
the O(S) symmetric MCP, the universality class of such
order-order transition is characterized by the one at such
MCP, with exponents being ν(S) [see Eq. (10)], η
(S)
b [see
Eq. (11)] and η
(S)
Ψ [see Eq. (12)]. In conjunction with
the irrelevance of the O(S) symmetry breaking pertur-
bations [namely g− and δλ12], the fact that both O(S1)
and O(S2) symmetry breaking phases always occupy a fi-
nite regime in the coupling constant space [see Fig. 2(b)],
ensures that direct order-order continuous transition can
be controlled by the O(S) symmetric itinerant MCP as
long as this transition takes place sufficiently close to the
MCP. In other words, the order-order transition does not
need to be fine-tuned directly through the MCP to realize
the associated universality class of the transition.
Finally we point out that deep inside the ordered
phases (sufficiently far from the itinerant MCP), the di-
rect transition between two ordered phases can be con-
trolled by an entirely different critical point. However,
such a critical point cannot be accessed within the frame-
work of GNY theory. Nevertheless, our present discus-
sion provides unprecedented insights into the direct con-
tinuous quantum phase transition between two distinct
broken symmetry phases through an itinerant quantum
MCP. We note that the numerical work [42] found the
appearance of an O(4) symmetry slightly away from the
MCP. It will therefore be extremely interesting to an-
alyze the universality class of the continuous transition
between O(3) and Z2 symmetry breaking phases close to
the itinerant MCP and test the validity of our predic-
tion. In the following section, we provide further insight
into the nature of itinerant MCP by performing a large
N (number of eight component Dirac fermions) analysis
in d = 2 dimensions. We will also compute the anoma-
lous scaling dimensions of all local fermion bilinears in
the particle-hole channel, to gain a more comprehensive
understanding of critical correlation functions.
IV. LARGE N DESCRIPTION
For a large N analysis, we first scale the Yukawa cou-
plings as gj → gj/
√
N , and the fermion bubble contribu-
tion to the boson propagator becomes an O(1) quantity.
Therefore in the N →∞ limit, the propagator for order
parameter fields at the MCP would be given by D(q) =
2/q, where q =
√
q20 + q
2. The O(1/N) correction to the
fermion fields is obtained to be ηψ = S/(3Npi
2). These
results are in general consistent with taking the large N
limit of the exponents ηb and ηψ obtained from the GNY
theory. Now we will calculate the anomalous scaling di-
mensions of the fermion bilinears for the O(5) MCP.
For convenience we adopt the following notations for
the 64 eight dimensional matrices. For the order param-
eter fields we choose Mj = γj ⊗ η3, where γj ’s are five
mutually anticommuting Hermitian matrices, and η3 is
the diagonal Pauli matrix. Then the additional two an-
ticommuting 8× 8 matrices for the Dirac propagator are
given by 1⊗ η1 and 1⊗ η2, where 1 is the 4× 4 identity
matrix and η1,2 are the two off-diagonal Pauli matrices.
Therefore, the ten generators for the O(5) chiral symme-
try are given by Mjk = γjk ⊗ η0 with η0 being the 2× 2
identity matrix, and γjk = [γj , γk]/(2i). Now all other
8 × 8 matrices can be written down as γj ⊗ η0, γj ⊗ η1,
γj⊗η2, 1⊗η0, 1⊗η3, γjk⊗η3, γjk⊗η1, γjk⊗η2. In terms
of these matrices we can construct all the local fermion
bilinears (Ψ†OΨ) in the particle-hole channel, and they
describe general form of charge, spin, valley density and
current operators.
At the free fermion fixed point, any local fermion bi-
linear Ψ†OΨ has the scaling dimension ∆ = d. There-
fore, the generalized four-fermion or density-density cor-
relation function 〈Ψ†(x)OΨ(x)Ψ†(x′)OΨ(x′)〉 decays as
1/|x − x′|2∆ = 1/|x − x′|4. If we denote a source field
coupled to Ψ†OΨ as λO,
dλO
d`
= λO(1 + ηO − ηψ), (25)
∆O = D − 1− ηO + ηψ, (26)
where we have to determine ηO from a vertex involvingO,
dressed by the boson propagator and ` is the logarithm
9of the RG scale. Since O1 = 1 ⊗ (η0, η1, η2) correspond
to charge and current operators for total number, they
do not acquire any anomalous scaling dimension from
the order parameter couplings (i.e., η1,µ = ηψ). By con-
trast, the density and current operators for the emergent
O(5)symmetry (including pi operators 3) are captured by
O2 = γjk ⊗ (η0, η1, η2), and we find that
∆2 = 2 +
4
3Npi2
. (27)
Therefore, these operators display faster algebraic decay
(or shorter range power law correlations), in compari-
son with free fermion fixed point. We also note that the
generators of lower O(S1) or O(S2) symmetry (emergent
conserved quantities of an interacting fixed point) would
also exhibit the same scaling dimension at the respective,
decoupled quantum critical points. The scaling dimen-
sions forO3 = 1⊗η3, O4 = γjk⊗η3, O5 = γj⊗(η0, η1, η2),
are respectively given by
∆3 = d+
4S
3Npi2
= 2 +
20
3Npi2
, (28)
∆4 = d+
2(S − 2)
3Npi2
= 2 +
10
3Npi2
, (29)
∆5 = d+
2(S − 1)
3Npi2
= 2 +
8
3Npi2
. (30)
Therefore, all four fermion correlation functions at the
MCP (other than the total number or current opera-
tors) exhibit faster power law decays at large distance
and time. This is consistent with the fact that there are
no other anticommuting matrices or parameters which
can possess slower decay or potential instability of the
MCP. By contrast, the lower symmetric O(S1) critical
point would show slower decay or longer ranged correla-
tions for the O(S2) anticommuting operators. Moreover,
the presence of anomalous dimension ∆ 6= 2 indicates
that the dynamic structure factor for all possible gener-
alized scattering experiments would show a continuum
of excitations in accordance with the lack of quasiparti-
cle poles for both fermionic and bosonic excitations. We
would also like to mention that as a consequence of the
non-Gaussian nature of the MCP, all dynamic correla-
tions functions at finite temperature would exhibit ω/T
scaling.
3 Let us denote the spin-triplet antiferromagnetic bilinears by
Ψ†γj ⊗η3Ψ with j = 1, 2, 3. The spin-singlet valence bond bilin-
ears are then described by Ψ†γj ⊗ η3Ψ with j = 4, 5. Naturally
Ψ†γ12Ψ, Ψ†γ23Ψ, Ψ†γ31Ψ cause rotation among the components
of antiferromagnetic order, while Ψ†γ45Ψ is responsible for O(2)
rotation between two components of VBS order. The follow-
ing six operators Ψ†γ14Ψ, Ψ†γ15Ψ, Ψ†γ24Ψ, Ψ†γ25Ψ, Ψ†γ34Ψ,
Ψ†γ35Ψ cause general chiral rotation between triplet and singlet
order parameters. In the context of SO(5) theory of high temper-
ature superconductivity such operators, rotating between the an-
tiferromagnetic and d-wave superconducting order-parameters,
were named as pi operators [74].
V. DISCUSSIONS
To summarize, we here show that when massless Dirac
fermions residing in two-spatial dimensions acquire com-
parable propensity toward formation to two distinct bro-
ken symmetry phases, that in the ordered phase break
O(S1) and O(S2) symmetries but can be chirally ro-
tated into each other, the ultimate quantum critical be-
havior is governed by an O(S) symmetric multi-critical
point, where S = S1 + S2. For a graphene-like sys-
tem, accommodating eight-component massless Dirac
fermions max.(S) = 5. Such quantum multi-critical point
can control the continuous phase transition from Dirac
semimetal to either O(S1) or O(S2) or O(S) symmetry
breaking ordered phases, as well as between two distinct
broken symmetry phases. All the transitions are char-
acterized by identical correlation length exponent ν(S)
(manifesting restoration of O(S) symmetry at the quan-
tum multi-critical point) and dynamic scaling exponent
z = 1 (stemming from emergent Lorentz symmetry).
Even though we generically find the existence of O(S)
symmetric multi-critical point from a leading order -
expansion about the upper critical three spatial dimen-
sions with  = 3− d, the restoration of symmetry among
dual mass orders may be non-perturbative in nature for
the following reason. It is believed that quantum crit-
icality in a coupled field theory is ultimately governed
by a fixed point with largest bosonic anmalous dimension
ηb [75, 76]. Such an outcome is expected to hold for pure
bosonic as well as boson-fermion coupled Gross-Neveu-
Yukawa models. If we denote the bosonic anomalous di-
mensions at O(S1) and O(S2) symmetric critical points
in decoupled theory respectively as η
(S1)
b and η
(S2)
b , we
always find that
η
(S)
b > η
(S1)
b , η
(S2)
b (31)
for S = S1 + S2, at least to the leading order in -
expansion [see Eq. (11)]. From the present discussion
we can further strengthen the stability criterion for a
multi-critical point with enlarged symmetry as follows:
The ultimate quantum multi-critical behavior should be
controlled by a fixed point displaying largest fermionic
anomalous dimension and largest correlation length ex-
ponent. Although, we did not find any violation of this
rule so far, this observation is purely based on pertur-
bative analysis, and we leave it at the state of a con-
jecture. Nonetheless, in Appendix B we show that the
ultimate quantum multi-criticality of a coupled Gross-
Neveu-Yukawa model that can potentially support O(S)
symmetric fixed points, with S = 1, 2, 3, 4, is controlled
by an O(4) symmetric fixed point, in agreement with our
proposed conjecture.
We also wish to put forward the paramount important
role played by massless Dirac fermions in accommodat-
ing such high symmetric quantum multi-critical point.
We note that a leading order perturbative renormaliza-
tion group calculation suggests the emergence of O(2)
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FPs (λ1, λ2, λ12) Eigenvalues of stability matrix
FP1 (0, 0, 0) (, , )
FP2 (0, 2/3, 0) (−, , 2/3)
FP3 (2/3, 0, 0) (−, , 2/3)
FP4 (2/3, 2/3, 0) (−,−, /3)
FP5 (3/5, 3/5, 3/5) (−,−4/5,−/5)
FP6 (1/3, 1/3, 1) (−, /3, 0)
TABLE I: The location of six fixed points (denoted by FPj for
j = 1, · · · , 6) in a Z2⊗Z2 symmetric pure bosonic relativistic
field theory (with S1 = S2 = 1). The last column displays the
eigenvalues of the stability matrix at various fixed points, sug-
gesting that even in a Z2⊗Z2 symmetric pure bosonic theory,
the continuous transition is governed by an O(2) symmetric
MCP, namely FP5.
and O(3) symmetric multi-critical points even in pure
Z2⊗Z2 and Z2⊗O(2) relativistic bosonic theories respec-
tively. With the addition of gapless fermions, coupled to
bosonic order-parameter field via Yukawa coupling, such
emergent multi-critical point acquires additional stability
[see Figs. 3(a) and 3(b)]. On the other hand, in a pure
bosonic system there exists no stable multi-critical point
where Z2⊗O(3) or O(2)⊗O(2) symmetry gets enlarged
to an O(4) symmetry, or O(2)⊗O(3) symmetry gets en-
larged to an O(5) symmetry. Therefore, gapless fermionic
excitations are solely responsible for giving rise to O(4)
and O(5) symmetric quantum multi-critical points and
endow them with stability in multi-dimensional coupling
constant space [see Figs. 3(c) and 3(d)]. Some key as-
pects of emergent quantum multi-critical behavior of a
purely bosonic O(S1)⊗O(S2) symmetric field theory are
discussed in Appendix A.
We note that our conclusion regarding the emergence
of high symmetric quantum multi-critical points is insen-
sitive to specific choice of the order-parameters, as long as
all the competing mass orders mutually anti-commute. In
a graphene-like system (accommodating eight component
Dirac fermions) there are all together 56 five-tuplets of 5
mutually anti-commuting mass orders [52]. All such five-
tuplets are unitarily equivalent to the a five-tuplet consti-
tuted by either (i) three components of anti-ferromagnet
and two components of Kekule valence bond solid or (ii)
three components of quantum spin-Hall insulator and
two components of s-wave pairing [54]. On the other
hand, these two five-tuplets of masses can be transformed
into each other via a non-unitary transformation that,
however, leaves the form of the Dirac Hamiltonian un-
changed [46]. Therefore, our conclusions are equally ap-
plicable to capture the emergent quantum multi-critical
behavior within any five-tuplet (or its subset) of mass
orders for two dimensional interacting Dirac fermions.
As a final remark, we note that emergence of high sym-
metry at a multi-critical point among distinct mass order-
parameters that can be rotated into each other by gen-
erators of chiral symmetry of Dirac fermions is not spe-
FPs (λ1, λ2, λ12) Eigenvalues of stability matrix
FP1 (0, 0, 0) (, , )
FP2 (0, 2/3, 0) (−, , 2/3)
FP3 (3/5, 0, 0) (−, , 3/5)
FP4 (3/5, 2/3, 0) (−,−, 4/15)
FP5 (6/11, 6/11, 6/11) (−,−8/11,−/11)
FP6 (0.506, 0.404, 0.69) (−,−0.49, 0.13)
TABLE II: The location of six fixed points (denoted by FPj
for j = 1, · · · , 6) in a Z2 ⊗ O(2) symmetric pure bosonic rel-
ativistic theory (with S1 = 1 and S2 = 2). The last column
displays the eigenvalues of the stability matrix at various fixed
points, suggesting that even in a Z2 ⊗ O(2) symmetric pure
bosonic theory, the continuous transition is governed by an
O(3) symmetric MCP, namely FP5. FP6 can only be found
by numerically solving the coupled flow equations.
cific to two dimensions. For a four-component massless
Dirac fermion in three spatial dimensions (a low-energy
model for strong spin-orbit coupled Dirac systems, ob-
tained by neglecting Wilson mass [10]), when the propen-
sities toward the formation of scalar and pseudo-scalar
masses become comparable, an O(2) symmetric quan-
tum multi-critical point is realized [78]. At d = 3 or
 = 0 the fixed points are located at g21,∗ = g
2
2,∗ = 0
and λ1,∗ = λ2,∗ = λ12,∗ = 0. Hence, the quantum phase
transition from Dirac semimetal to any order phase is of
mean-field in nature, captured by the correlation length
exponent ν = 1/2. The bosonic and fermionic fields be-
come decoupled at the Gaussian critical or multi-critical
point, but this process happens very slowly with increas-
ing length scale (logarithmically slow). This logarithmic
decoupling causes violation of hyperscaling. However, as
shown in Appendix C, even in d = 3 if massless Dirac
fermions acquire comparable propensities toward forma-
tion of two competing ordered phases breaking O(S1) and
O(S2) symmetries, the ultimate critical behavior is con-
trolled by an O(S1 + S2) theory. Before flowing to their
trivial fixed point values (which is logarithmically slow),
the coupling constants from different symmetry sectors
approach each other, leading to a larger symmetry at low
energies. Furthermore, a complimentary renormalization
group calculation about the lower critical one dimension
can be performed with  = d − 1 as the control param-
eter [79], which immediately shows the existence of an
O(2) symmetric multi-critical point [78]. Following the
same route one can demonstrate existence of an O(6)
symmetric (maximal symmetry) quantum multi-critical
point (in between three-component anti-ferromagnet and
three-component valence bond solid in a pi-flux cubic lat-
tice) for three-dimensional, sixteen-component massless
Dirac fermions that possess SU(2) spin rotational sym-
metry [80]. We leave that as an exercise for future inves-
tigation.
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FPs (λ1, λ2, λ12) Eigenvalues of stability matrix
FP1 (0, 0, 0) (, , )
FP2 (0, 6/11, 0) (−, , 6/11)
FP3 (2/3, 0, 0) (−, , 2/3)
FP4 (2/3, 6/11, 0) (−,−, 7/33)
FP5 (1/2, 1/2, 1/2) (−,−2/3, 0)
TABLE III: The location of five fixed points (denoted by
FPj for j = 1, · · · , 5) in a Z2 ⊗O(3) symmetric pure bosonic
relativisitc theory (with S1 = 1 and S2 = 3). The last col-
umn displays the eigenvalues of the stability matrix at various
fixed points. Notice that none of the fixed points is fully sta-
ble, suggesting a generic first order transition in a Z2 ⊗O(3)
symmetric pure bosonic theory. The fixed point with an emer-
gent O(4) symmetry, namely FP5, has a marginal direction,
which becomes relevant once we incorporate higher order cor-
rections [77].
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Appendix A: O(S1)⊗O(S2) Bosonic theory
In this appendix we discuss the quantum multi-critical
properties of O(S1) ⊗ O(S2) symmetric, but purely
bosonic relativistic field theories. Such analysis can be
performed by completely neglecting the boson-fermion
coupling in the Euclidean action S, i.e., by setting g1 =
g2 = 0. The RG flow equations for three four-boson cou-
plings, namely λ1, λ2 and λ12 can readily be obtained
respectively from βλ1 , βλ2 and βλ12 , displayed in Eq. (4),
after setting g21 = g
2
2 = 0. Our conclusion from the lead-
ing of -expansion are the followings.
1. A Z2 ⊗ Z2 symmetric bosonic Φ4 theory supports
an emergent fully stable (in the critical hyperplane m21 =
m22 = 0) MCP that possesses an O(2) symmetry. All
possible fixed points in such a theory and their stability
properties are summarized in Table I.
2. A Z2⊗O(2) symmetric bosonic Φ4 theory accommo-
dates an emergent fully stable (in the critical hyperplane
defined by m21 = m
2
2 = 0) MCP that possesses an O(3)
symmetry. All possible fixed points in such a theory as
well as their stability are displayed in Table II. However,
emergence of such a O(3) symmetric stable fixed point
can be an artifact of leading order -expansion [77].
3. Even though a Z2 ⊗ O(3) symmetric bosonic Φ4
theory accommodates a fixed point that exhibits an O(4)
FPs (λ1, λ2, λ12) Eigenvalues of stability matrix
FP1 (0, 0, 0) (, , )
FP2 (0, 3/5, 0) (−, , 3/5)
FP3 (3/5, 0, 0) (−, , 3/5)
FP4 (3/5, 3/5, 0) (−,−, /5)
FP5 (1/2, 1/2, 1/2) (−,−2/3, 0)
TABLE IV: The location of five fixed points (denoted by FPj
for j = 1, · · · , 5) in a O(2)⊗O(2) symmetric pure bosonic the-
ory (with S1 = S2 = 2). The last column displays the eigen-
values of the stability matrix at various fixed points. There is
no fully stable fixed point in the three-dimensional coupling
constant space (λ1, λ2, λ12) in a pure bosonic theory. Notice
that the fixed point FP5 features one marginal direction, sim-
ilar to the situation for Z2 ⊗O(3) theory [see Table III].
FPs (λ1, λ2, λ12) Eigenvalues of stability matrix
FP1 (0, 0, 0) (, , )
FP2 (0, 6/11, 0) (−, , 6/11)
FP3 (3/5, 0, 0) (−, , 3/5)
FP4 (3/5, 6/11, 0) (−,−, 0.14)
FP5 (6/13, 6/13, 6/13) (−,−0.615, 0.077)
FP6 (0.542, 0.5085, 0.32) (−,−0.83,−0.05)
TABLE V: The location of six fixed points (denoted by FPj
for j = 1, · · · , 6) in a O(2) ⊗ O(3) symmetric pure bosonic
theory (with S1 = 2 and S2 = 3). The last column displays
the eigenvalues of the stability matrix at various fixed points.
FP6 can only be found by numerically solving the coupled flow
equations. Notice that O(5) symmetric fixed point (namely
FP5) is not a critical one in a pure bosonic theory, a mixed
fixed point, namely FP6, stands as a critical point. However,
we note that the existence of the mixed QCP (FP6), obtained
here from the leading order -expansion, could be deceptive,
as the ultimate stable fixed point is believed to be one of the
decoupled ones (namely FP2 or FP3) [77].
symmetry in the m21 = m
2
2 = 0 hyperplane, this fixed
point has a marginal direction [see Table III]. Such a
marginal direction becomes relevant once higher order
corrections are taken into account [77]. A qualitatively
similar situation also arises in an relativistic O(2)⊗O(2)
symmetric bosonic Φ4 theory [see Table IV].
4. Finally, from the leading order -expansion of a
O(2) ⊗ O(3) symmetric bosonic Φ4 theory we find that
there exists an O(5) symmetric fixed point in the m21 =
m22 = 0 hyperplane. However, such high symmetric fixed
point is not fully stable and has one relevant direction.
Stability of all the fixed points in such a bosonic theory
is shown in Table V.
To summarize, we find that only Z2⊗Z2 and Z2⊗O(2)
symmetric purely bosonic relativistic Φ4 theories re-
spectively support fully stable O(2) and O(3) symmet-
ric quantum MCP (at least from the leading order -
expansion). Inclusion of Yukawa couplings further en-
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FIG. 3: Scaling of three eigenvalues (EVs), measured in units of , of the stability matrix in the three dimensional coupling
constant space spanned by four-boson interactions (λ1, λ2 and λ12) near (a) O(2), (b) O(3), (c) O(4) and (d) O(5) symmetric
multi-critical points (MCPs) with fermion flavor number (N) in a pure bosonic model (dashed lines), and when bosonic and
fermionic degrees of freedom are coupled with each other via Yukawa coupling (solid lines). Note in Z2 ⊗ Z2 and Z2 ⊗ O(2)
symmetric pure bosonic relativisitc theories, the leading order -expansion indicates the emergence of fully stable O(2) and
O(3) symmetric MCP, respectively, and thus as N → 0 we recover the EVs of the stability matrix in pure bosonic theory [see
also Table I and Table II, respectively]. By contrast, there is no analog of O(4) [resulting from Z2⊗O(3) or O(2)⊗O(2) theory]
or O(5) [resulting from O(2)⊗O(3) theory] symmetric MCPs in pure bosonic theory, and the EVs as N → 0 are not connected
with the ones found in pure bosonic system [see Table III or IV and Table V, respectively]. Thus, O(4) and O(5) symmetric
MCPs are purely fermion-driven. However, we always find that Yukawa coupling makes the EVs more negative in the subspace
of four-boson coupling constants in comparison to those in pure bosonic relativistic theory.
hances the stability of these two MCPs. Such an out-
come can be seen from the scaling of the negative eigen-
values of the stability matrix in the (λ1, λ2, λ12) plane, as
shown in Figs. 3(a) and 3(b). By contrast, a Z2 ⊗O(3)
[or O(2) ⊗ O(2)] and O(2) ⊗ O(3) symmetric relativis-
tic bosonic theories do not support stable O(4) or O(5)
symmetric MCP. Therefore, emergence of O(S) symmet-
ric fully stable MCP with S ≥ 4 in a GNY model can
solely be attributed to the non-trivial coupling between
bosonic and fermionic degrees of freedom. This outcome
can also be visualized from the scaling of the eigenvalues
of the stability matrix in (λ1, λ2, λ12) plane, as shown in
Figs. 3(c) and 3(d).
Appendix B: Restoration of largest symmetry at
multi-critical point
A GNY field theory describing a competition among
several orders may feature MCPs with different symme-
tries, and the question is which one of the possible MCPs
ultimately governs the quantum multi-critical behavior.
We address this problem in a specific example with many
such possibilities, and which, together with the ones stud-
ied in previous sections, leads us to establish that if in-
teracting Dirac fermions are conducive to multiple order-
ings, the resulting MCP restores largest possible symme-
try. Although the following field theory has previously
been considered in Ref. [67], in the context of present
discussion it is worth revisiting this problem.
An example of such scenario is provided by an effective
field theory with the Lagrangian L = Lf+LY +Lb, where
Lf = Ψ¯(x)γµ∂µΨ(x), LY = L
s
Y + L
t
Y with
LsY = g1sϕ Ψ¯(x)Ψ(x) + g2sχ Ψ¯(x)iγ5Ψ(x), (B1)
LtY = g1t~ϕ · Ψ¯(x)~σΨ(x) + g2t~χ · Ψ¯(x)i~σγ5Ψ(x).(B2)
The bosonic part of the Lagrangian can be decomposed
according to Lb = L
s
b + L
t
b + L
s−t
b , with
Lsb =
∑
α=ϕ,χ
[
1
2
(∂µα)
2
+m2αα
2 +
λα
4!
α4
]
+
λϕχ
12
ϕ2χ2,
(B3)
Ltb =
∑
α=~ϕ,~χ
[
1
2
(∂µ~α)
2
+m2~α~α
2 +
λ~α
4!
(~α · ~α)2
]
+
λ~ϕ~χ
12
~ϕ2~χ2,
(B4)
Ls−tb =
∑
α=ϕ,χ
λα~α
12
α2~α2 +
λϕ~χ
12
ϕ2~χ2 +
λ~ϕχ
12
χ2~ϕ2. (B5)
The above coupled field theory with appropriate choice
of spinor basis Ψ and the representation of mutually
anti-commuting four-component γ-matrices can describe
the following scenarios: (a) competition between spin-
singlet (described by ϕ, χ) and spin-triplet (described by
~ϕ, ~χ) KVBS or (b) competition between spin-singlet s-
wave pairing (with ϕ and χ respectively representing its
real and imaginary components) and spin-triplet f -wave
(with ~ϕ and ~χ respectively representing its real and imag-
inary components) pairing. However, the outcome of this
analysis is impervious to these microscopic details.
Before we proceed with the RG analysis of the above
model we annouce possible outcomes regarding MCPs:
1. A Z2 symmetric MCP with only g
2
1s ∼ , but g22s =
g21t = g
2
2t = 0, which describes a transition to an ordered
phase 〈ϕ〉 6= 0, but 〈χ〉 = 〈~ϕ〉 = 〈~χ〉 = 0.
2. An O(2) symmetric MCP with, for example, g21s =
g22s ∼ , but g21t = g22t = 0 that described a continuous
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FIG. 4: Renormalization group flow of (a) Yuakwa couplings
and (b) four-boson couplings in three spatial dimensions of
an O(1) ⊗ O(1) symmetric GNY model, with N = 1. Even
though all the couplings are flowing to zero logarithmically
slow, prior to reaching trivial fixed point values they all ac-
quire identical values, indicating emergence of an O(2) sym-
metry at a Gaussian MCP. Here log[Λ0/Λ] represents running
RG time.
transition to an ordered phase where 〈ϕ〉, 〈χ〉 6= 0, but
〈~ϕ〉 = 〈~χ〉 = 0.
3. An O(3) symmetric MCP, with g21t ∼ , but
g21s = g
2
2s = g
2
2t = 0. Such MCP describes a continu-
ous transition to an ordered phase where 〈~ϕ〉 6= 0, but
〈ϕ〉 = 〈χ〉 = 〈~χ〉 = 0.
4. An O(4) symmetric MCP, with g21s = g
2
2t ∼  and
g22s = g
2
1t = 0 or vice-versa. Such MCP can be responsi-
ble for nucleation of an ordered phase with 〈ϕ〉, 〈~χ〉 6= 0,
but 〈χ〉, 〈~ϕ〉 6= 0.
Therefore, the above theory allows us to investigate an
interesting issue; emergence of ultimate MCP in the pres-
ence of multiple possibilities with a different symmetries.
Now we proceed with the RG analysis to the leading
order in the -expansion. Since we have seen so far that
at least to the leading order the sub-space of Yukawa
couplings is decoupled from four-boson couplings, we first
focus on the four-dimensional coupling constant space
spanned by g1s, g2s, g1t and g2t. To the leading order in
-expansion the coupled RG flow equations read as
βg21s = g
2
1s − (2N + 3)g41s + g21s
(
g22s − 9g21t + 3g22t
)
,
βg22s = g
2
2s − (2N + 3)g42s + g22s
(
g21s − 9g22t + 3g21t
)
,
βg21t = g
2
1t − (2N + 1)g41t − g21t
(
5g22t + 3g
2
1s − g22s
)
,
βg22t = g
2
2t − (2N + 1)g42t − g22t
(
5g21t + 3g
2
2s − g21s
)
.
(B6)
These coupled RG flow equations support only two fully
stable fixed points, located at
A : g21s,∗ = g
2
2t,∗ =

2N
, g22s,∗ = g
2
1t,∗ = 0,
B : g22s,∗ = g
2
1t,∗ =

2N
, g21s,∗ = g
2
2t,∗ = 0.
Notice that upon substituting the fixed point values of
A or B, the Yukawa part of the Lagrangian LY assumes
an O(4) symmetric form. Therefore, out of all possi-
ble QCPs, the system selects the ones which possess the
largest symmetry, O(4) in our case. If we now consider
only one of the two fixed points, say A, the bosonic part
of the Lagrangian simplifies enormously as we enjoy the
liberty of setting
λχ = λϕχ = λ~ϕ = λ~ϕ~χ = λχ~ϕ = λχ~χ = 0 (B7)
from outset. The RG flow equations for λϕ, λ~χ and λϕ~χ
can readily be obtained from Eq. (4), taking g21 → g21s,
g22 → g21t, λ1 → λϕ, λ2 → λ~χ and λ12 → λϕ~χ, with S1 = 1
and S2 = 3. Rest of the analysis follows the identical
steps outlined in Sec. II, which ensure the existence of an
O(4) symmetric quantum MCP.
Note that among all four possible MCPs, possessing Z2
(with S = 1), O(2) (with S = 2), O(3) (with S = 3) and
O(4) (with S = 4) symmetries, the correlation length ex-
ponent (ν(S)) [see Eq. (10)], fermionic anomalous dimen-
sion (η
(S)
Ψ ) [see Eq. (12)] and bosonic anomalous dimen-
sion (η
(S)
b ) [see Eq. (11)] is largest at the O(4) symmetric
MCP. Therefore, the above exercise allows us to further
strengthen the proposed conjecture regarding the nature
of the ultimate quantum MCP when multiple phases
compete with each other: The ultimate quantum MCP
possesses the largest bosonic and fermionic anomalous
dimensions, and also the largest correlation length expo-
nent.
Appendix C: Emergent symmetry in (3 + 1)
dimensions
In this appendix we provide some quantitative as-
pect of emergent symmetry among competing orders for
strongly interacting three-dimensional Dirac fermions.
The effective field theory assumes the same form as the
one shown in Sec. II, and the RG flow equations can
readily be obtained from Eq. (4) after setting  = 0,
since now we are at d = 3. Various scenarios can
be studied by specific choices of the parameters N , S1
and S2. For example, (a) setting S1 = 1 = S2 and
N = 1 (single four component Dirac fermions in strong
spin-orbit coupled model) we can address the emergent
quantum multi-critical behavior when propensity toward
scalar and pseduo-scalar mass orderings are comparable,
or (b) the compeition between three-dimensional anti-
ferromagnet and valence bond solid in a Diac system
possessing SU(2) spin rotational symmetry can be ad-
dressed by setting S1 = S2 = 3 and N = 4. Irrespective
of these details the emergent quantum critical phenom-
ena in different realization of Dirac fermions share some
common features in d = 3:
1. All the transitions take place for g2∗,j = 0 and
λ∗,j = 0, and consequently the correlation length ex-
ponent ν is locked to its mean-field value ν = 1/2. As a
result physical observables display logarithmic violation
of scaling.
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2. The fermionic and bosonic anomalous dimensions
are exactly zero (i.e., ηf = ηb = 0), also indicating that
these two degrees of freedom are decoupled from each
other near a quantum phase transition [82].
However, the flows of g2j s and λjs toward their triv-
ial fixed point values are logarithmically slow. When
massless Dirac fermions acquire comparable propensity
toward the formation of distinct mass orders that break
O(S1) and O(S2) symmetries in the ordered phases, but
can be rotated into each other by generators (exact or
emergent) of chiral symmetry of Dirac fermions, then
one can show that all Yukawa and four-boson couplings
flow toward same value (thus emergence of O(S1 + S2)
or O(S) symmetry) prior to end up at trivial fixed point
value. This scenario has been demonstrated in Fig. 4.
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